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Background 
 
The classical wave equation, ∇!! − !

!!
!!

!!!
! = 0  governs the behavior of acoustic, 

electromagnetic, and elastic waves. It is usually applied in 3D, but will be considered in 
2D here in order to make a connection with 2D image processing. In this case, the wave 
equation relates the dependence of the wave function !, on the spatial coordinates,  ! and 
!, and time, !. The parameter ! is the speed of sound, light, or elastic waves, as the case 
may be. The 2D Laplace operator is ∇!= !!

!"!
+ !!

!"!
. If the wave has only a single 

temporal frequency, ! , then the wave equation can be replaced by the Helmholtz 
equation, ∇!! + !!!! = 0. The wavenumber is !! =

!
!

. Plane wave solutions of the 
Helmholtz equation are sinusoidal functions of !!! + !!!  where the wavenumber 
components, !! and !! are required to satisfy !!! +   !!! =   !!!. This constraint means the 
wave vector k = !! , !!   must fall on a circle of radius !! in the !-plane, as shown in 
Fig. 1. 

 
 

 
Figure 1. The wave vector of a 2D plane wave. 

 
The angle !  represents the direction of the wave vector and also the direction of 
propagation of the wave in the  !-! plane. The wave function varies sinusoidally in this 
direction. The wavelength, !, is the distance between adjacent peaks in the direction of 
propagation, and is related to the wavenumber by !! =

!!
!
.   

 
Relationship with image processing and the Helmholtz Analysis plugin 
 
Some scientific images contain sinusoidal patterns, and analysis of the images requires 
determining the period, or wavelength of the patterns. An example is given in Fig. 2. This 
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synthetic image has ! = 15 pixels and ! = 60°. A profile plot along the 60° ray is shown 
in Fig. 3. The pattern is sinusoidal, apart from pixel artifacts, with a 15 pixel period. 
 

 
     Figure 2. Synthetic sinusoidal image. 
 

 
  Figure 3. Profile plot of the sinusoidal image along a 60° ray. 
 

Fourier analysis methods, such as the FFT are often used to estimate the spectral content 
of images. These have a drawback that they do not directly measure the wavelength, but 
instead determine the Fourier amplitudes on a certain, pre-defined grid. The resolution of 
the grid limits the precision of the wavelength determination. Fine resolution in spatial 
frequency can be arranged, but this requires a large block size, which reduces ability of 
the method to relate wavelength to position in the image. The approach to determining 
the wavelength using the Helmholtz equation comes from the observation that all of the 
terms in the Helmholtz equation except !!  can be derived directly from image 
processing. Solving the Helmholtz equation for !! gives 
 

                                                !! =
!∇!!
!

      (1) 
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where the right hand side can be evaluated pixel-by-pixel, after using Sobel derivative 
operators to estimate the Laplacian. Here ! is derived from the image pixel gray values 
by subtracting a spatially smoothed copy of the image to produce a function that 
oscillates about 0.  
 
This approach presumes that each small portion of the image, the part that is sampled by 
the kernels of the Sobel operator at any given point, is actually part of a sinusoidal 
function. If this is not the case, then this calculation will not produce a meaningful result. 
The Helmholtz Analysis plugin handles this by producing two output images for !. One 
is the raw result of applying Eq. 1 to the filtered image. The other ! output image is 
derived by analyzing a circular neighborhood of each pixel and computing the mean and 
the standard deviation of the raw ! values for the neighborhood. If the standard deviation 
falls below a certain threshold, then the average ! is assigned to the pixel at the center of 
the neighborhood. If not, then 0 is stored in that pixel, indicating the single-sinusoid 
model was not appropriate for that portion of the image. 
 
The Helmholtz Analysis also produces images representing raw and averaged estimates 
of !. The raw estimate is computed by comparing the !- and !-Sobel derivatives, and the 
averaged result is derived from circular neighborhoods in analogy with the ! averaging. 
 
The results of applying Helmholtz Analysis to the image in Fig. 2 with the inputs shown 
in Fig. 4 are given in Figs. 5-8. The value of the output for the average !  in a 
representative portion of the valid data ranges from 15.031 to 15.082. The corresponding 
output for the average ! is the range of 60.123°-60.241.°  
 

 
    Figure 4. Inputs. 
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Figure 5. Raw ! result. 
 

Figure 6. Averaged ! result. 
 

 
 

  
Figure 7. Raw ! result. 
 

Figure 8. Averaged ! result. 
 

 
 
 
 


